Abstract. The head-on collision of two equal and two unequal steep solitary waves is investigated numerically. The former case is equivalent to the reflection of one solitary wave by a vertical wall when viscosity is neglected. We have performed a series of numerical simulations based on a Boundary Integral Equation Method (BIEM) on finite depth to investigate during the collision the maximum runup, phase shift, wall residence time and acceleration field for arbitrary values of the non-linearity parameter a/h, where a is the amplitude of initial solitary waves and h the constant water depth. The initial solitary waves are calculated numerically from the fully nonlinear equations. The present work extends previous results on the runup and wall residence time calculation to the collision of very steep counter propagating solitary waves. Furthermore, a new phenomenon corresponding to the occurrence of a residual jet is found for wave amplitudes larger than a threshold value.
Introduction
In this paper we investigate the head-on collision of two equal and two unequal solitary waves which are computed by using the algorithm developed by Tanaka (1986) . The symmetric case is equivalent, in the absence of viscosity, to the reflection of one solitary wave by a vertical wall. A lot of works considered analytically, numerically and experimentally this problem, calculating namely the maximum run-up amplitude, phase shift due to the collision and wall residence time. An exhaustive review of this problem is given below. In order to check the validity of their numerical method Chan and Street (1970) considered the run-up of a solitary wave on a vertical wall and compared their results with available Correspondence to: J. Chambarel (chambarel@irphe.univ-mrs.fr) experimental data. Byatt-Smith (1971) calculated analytically to second-order approximation the interaction of two solitary waves going in opposite directions. Later on, ByattSmith (1988) investigated the head-on collision of two equal solitary waves or the reflection of a solitary wave by a vertical wall. Using a perturbation expansion of the Euler equation, he derived interaction equations and showed analytically that the amplitude of the solitary wave after reflection is reduced. The change is shown to be of fifth-order in wave amplitude. This loss of amplitude is due to the presence of the third-order dispersive tail. Oikawa and Yajima (1973) used a singular perturbation method developed to secondorder to study the interaction between two solitary waves which propagate in opposite directions. They provided an estimate of the phase shifts in the collision process of the two solitary waves. Maxworthy (1976) conducted experiments on the head collision of two solitary waves. He found that some of the theories are in qualitative but not quantitative agreement with his experimental results. Namely, he claimed that the phase shift is independent of initial amplitude in contrast with available theoretical results. Within the framework of the Lagrangian formulation of the equations, Temperville (1979) investigated the reflection of a solitary wave on a rigid wall. Namely, he derived the leading-order asymptotic formula for the phase shift between the incident wave and the reflected wave and found it was difficult to conclude, as Maxworthy did, that there is a constant phase shift. This disagreement is partially explained by Fenton and Rienecker (1982) who emphasized the sensitivity of the results to the measurement locations. Within the framework of the shallow water wave equations, Pelinovsky et al. (1999) derived an analytic expression of the maximum run-up amplitude of tsunami waves. Su and Mirie (1980) found analytically that the wave emerging from the collision of two solitary waves preserve their original identities to the third order of accuracy. Furthermore, the collision generates secondary wave groups (the dispersive tail) trailing behind their primary Published by Copernicus Publications on behalf of the European Geosciences Union and the American Geophysical Union.
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Author manuscript, published in "Nonlinear Processes in Geophysics 16 (2009) 111-122" solitary waves. They calculated the maximum run-up amplitude of the two colliding waves up to third-order. In a numerical study based on the approximate equations derived by Su and Gardner (1969) , Mirie and Su (1982) checked the phase shifts and maximum amplitude of a collision with a corresponding perturbation calculation and compared with experiments. They found a wave train trailing behind each of emerging solitary waves from the head-on collision. The properties of the wave train were in agreement with those of the perturbation solution. After the collision, the solitary waves recover almost all of their original amplitude for the length of time in the numerical simulation. They showed the difference persists (2% of their original value) and accounts for the energy residing in the wave train. Fenton and Rienecker (1982) developed a numerical method based on a Fourier decomposition for solving nonlinear water wave problems, namely solitary wave interactions. They investigated the maximum run-up at the wall and the phase shift during the interaction. The first to report on the wall residence time which is the time the wave crest remains attached to the wall, was Temperville (1979) . Later on, Power and Chwang (1984) confirmed his results through an Eulerian approach. They considered the reflection of a solitary wave by solving the Boussinesq equations analytically as well as numerically. Cooker et al. (1997) using a Boundary Integral Equation Method (BIEM) for solving the fully nonlinear equations, showed that the wall residence time provides an unambiguous characterization of the phase shift incurred during the reflection. Bona and Chen (1998) as did Power and Chwang (1984) considered a Boussinesq system to study the head-on collision of solitary waves. More recently, Craig et al. (2006) considered the fully nonlinear equations to study numerically the run-up, phase lag, and generation of a residual from the head-on collision of two solitary waves. In addition to the symmetric case, they investigated the asymmetric case corresponding to two counter propagating solitary waves of different amplitudes. Note that Byatt-Smith (1971) , Su and Mirie (1980) , Mirie and Su (1982) and Bona and Chen (1998) considered the asymmetric case too. Among the fully nonlinear water wave equations, Cooker et al. (1997) and Chan and Street (1970) considered waves with normalized amplitude a/ h up to 0.70. The latter authors were only concerned with the maximum run-up whereas Cooker and co-authors investigated more deeply the interaction. Nevertheless, none of them discussed about a new phenomenon peculiar to head-on collision of very steep solitary waves: the formation of a residual thin jet. This jet is observed for the first time during the collision of the two counter propagating solitary waves In Sect. 2 we present the mathematical statement of the water wave problem, and we describe briefly the numerical method. Section 3 is devoted to the maximum runup, phase shift, wall residence time and acceleration field for arbitrary amplitude of the two incident solitons, up to a/ h=0.80. In this section, we discussed the generation of a residual jet when the initial amplitude of the counter propagating solitary waves is very large. The second part of the Sect. 3 reports on the collision of two solitary waves of different amplitudes. During the formation of the residual jet, the curvature becomes important and surface tension effect may be taken into account.
Mathematical formulation and numerical method

Basic equations
The problem is solved by assuming that the fluid is inviscid, incompressible, and the motion irrotational. Hence the velocity field is given by u=∇φ where the velocity potential φ(x,z,t) satisfies the Laplace's equation which is solved in a domain bounded by the free surface, a horizontal solid bottom and two vertical solid walls located at the ends of the numerical domain. The horizontal and vertical coordinates are x and z respectively whereas t is time. The still-water level lies at z=0, and the horizontal impermeable bed lies at z= − h. The dynamic free surface condition states that the pressure at the surface, z=η(x, t), is equal to 0. Assuming the free surface to be impermeable, the problem to be solved is the Laplace equation with the kinematic, dynamic and bottom conditions.
where g is the acceleration due to gravity,ρ ω is the water density, σ is the surface tension coefficient and R c is the radius of curvature. During the formation of the residual jet, the curvature becomes important and surface tension effect may be taken into account.
Numerical method
A Boundary Integral Equation Method (BIEM) is used to solve the system of Eq.
(1) with a mixed Euler Lagrange (MEL) time marching scheme. For more details about this numerical method see the papers by Touboul et al. (2006) and Touboul and Kharif (2009) . The Green's second identity is used to solve Laplace's equation for the velocity potential where G is the free space Green's function. The fluid domain boundary ∂ is ∂ F ∪ ∂ B , the union of the free surface ∂ F and solid boundaries ∂ B . The unit normal vector n points outside the fluid domain. The unknowns are ∂φ/∂n on ∂ F and φ on ∂ B . Let P and Q denote two points of the domain and c(Q) is the angle between two consecutive panels defined as follows
where α is the inner angle relative to the fluid domain at point Q along the boundary.
Time stepping is performed using a fourth order Runge & Kutta scheme, with a constant time step.
The velocity and acceleration fields are calculated using a finite-difference method.
Initial conditions
We consider a rectangular wave tank of length L and constant depth h with two vertical solid walls located at its ends. The horizontal length of the domain, L, is assumed to be large enough to avoid any perturbation generated from the vertical walls during the computational time of the simulations on the solitary wave collision occurring in the middle of the tank. We impose the impermeability condition on the vertical walls and horizontal bottom. Hence, the boundary conditions are ∂φ/∂n=0 on the walls and bottom. The initial free surface is represented by two solitary waves computed without approximation with the method of Tanaka. The free surface elevation is shown in Fig. 1 for two waves of equal amplitude (symmetric case) travelling in opposite directions. The asymmetric case corresponding to the collision of two waves of unequal amplitudes is also considered. During the wave collision (the runup) the amplitude reaches a value larger than the sum of the amplitudes of the incident solitary waves. After the collision the waves separate into two solitary waves. The collision leaves imprints on the colliding waves with phase shifts and reduced amplitude and shedding a dispersive tail. The temporal evolution of the profile of the free surface corresponding to the head-on collision of solitary waves of amplitude a/ h=0.50 is given in Fig. 2 . We can observe the dispersive tail when the waves separate after the collision. The maximum surface elevation defines the maximum value of the runup. The normalized maximum runup, R/ h, corresponding to the collision of two solitary waves of equal amplitudes is plotted in Fig. 3 as a function of the normalized amplitude of two incident solitons, a/ h. Our results are in very good agreement with those of Cooker et al. (1997) and extend previous studies to higher values of a/ h. Within the framework of the fully nonlinear water wave problem, the latter authors investigated the collision of a solitary wave with a vertical wall by using a Boundary Integral Equation Method. In addition, in Fig. 3 are plotted the curves corresponding to analytical results found in the papers by Su and Mirie (1980) and Pelinovsky et al. (1999) respectively. The former authors obtained to third-order the following expression
In the first-order of approximation they considered two independent moving solitary waves which satisfy the KdV equation. by Su and Mirie (1980) gives results which are in excellent agreement with the numerical results up to a/ h=0.50. Pelinovsky et al. (1999) used a different approach. They considered the Riemann invariants of the hyperbolic equations of the nonlinear shallow water wave equations to obtain
Let t 0 be the time of maximum runup at the wall. The time origin is chosen to be the time when the crest of the solitary wave meets the vertical wall within the framework of a perfect reflection (see Fig. 4 ). Cooker et al. (1997) derived an analytical solution for t 0 using Su & Mirie's solution for elevation at second-order of approximation during the runup We calculated this maximum runup time numerically and compared our results with the analytical solution and with the numerical results of Cooker et al. (1997) (Fig. 5) . We can observe that the analytical solution is close to the fully nonlinear solution for small values of the amplitude (a/ h≤0.20) but more amazing for a value of the normalized amplitude near 0.70.
Residence time
The trajectories of the incident wave crest (incoming wave) and reflected wave crest (outgoing wave) is schematically described in the plan (x/ h, t/τ ) where τ = √ g/ h (see Fig. 4 ). Note the increase of the phase velocity in the vicinity of the vertical wall. Due to the nonlinear interaction between the reflected wave and the wall (or nonlinear interaction between the right-and left-going solitary waves), the phase velocity of the reflected (or outgoing) wave is less than that of the incoming wave. The wave crest lingers at the wall during reflection for a period of time denoted t r . Let t a and t d be the attachment time and detachment time respectively at which the incident wave crest reaches and leaves the vertical wall. Hence, the wall residence time is t r =t d −t a . This period of time is an alternative measure of the effects of the wall on the wave or the effect of the nonlinear interaction between the two solitary waves on their phase. Temperville (1979) was the first to report the leading-order asymptotic formula for the wall residence time. His result was independently confirmed by Power and Chwang (1984) . The wall residence time may be written in the following form
Nonlin. Processes Geophys., From the results of Su and Mirie (1980) we can obtain the residence time to third-order :
The comparison of our results with previous analytical and numerical works are given in Fig. 6 . We have extended beyond a/ h=0.50 the numerical results obtained by Cooker et al. (1997) . For high values of the normalized amplitude a/ h, the residence time at the wall becomes independent of the amplitude of the incoming wave. Due to the occurrence of a residual jet (see Fig. 16 , top) observed for a/ h greater than approximately 0.60, it is not easy to define and calculate t r . The weak increase of the residence time in the vicinity of a/ h=0.60 corresponds to the beginning of the formation of the residual jet.
Phase shift
The two solitary waves suffer from a phase shift during the collision process. Similarly, a solitary wave undergoes a phase shift due to the reflection by a vertical wall. Conventionally, the phase shift is the displacement x, the difference in location between the wave crest (solid line in Fig. 4 ) and the crest of a wave which is supposed to be perfectly reflected (dashed line in Fig. 4 ) with no change in phase velocity. The phase shift is computed at an instant of time much larger than t d to consider a wave travelling unaffected by the presence of the wall. Oikawa and Yajima (1973) explicitly computed the spatial phase shift x incurred after reflection from the wall, namely: 
The improved formulae for the phase shift found by Su and Mirie (1980) is :
We compare our numerical results with these analytical formulations. The comparison is given in Fig. 7 . For a/ h≤0.50, we can observe that the analytical expression derived by Su and Mirie (1980) is in excellent agreement with the numerical result.
Accelerations and residual jet formation
When the amplitude of the two incident solitons is increased above a threshold value a new phenomenon occurs: the formation of a residual jet. The occurrence of this jet is shown in Fig. 8 during the rundown for incident solitary wave amplitude a/ h=0.70. At t/τ =18 where τ = √ g/ h, the waves start to separate and leave a residual jet. This jet does not occur in the case corresponding to Fig. 2 . From our numerical simulations we found that the residual jet occurs above a threshold value of the normalized amplitude (a/ h) c =0.60. Figure 10 shows the ephemeral occurrence of a tiny residual jet for incident wave amplitude a/ h=0.60. For a/ h>0.60, we have a residual jet formation whereas it is not the case for smaller values. Figure 9 shows an enlargement of the jet at t/τ =18 corresponding to Fig. 8 . The free surface presents undulations which have occurred at the maximum of runup for values of the amplitude of the incident solitons larger than the threshold value, (a/ h) c , defined previously. Maxworthy (1976) wave crest which breaks down into individual drops (Fig. 7 in his paper). We suppose we are describing the same phenomenon. Figure 9 shows the initial formation of drops. The drop formation depends on the characteristic time scale of the instability which develops at the free surface of the residual jet. Does interface reconnection occur before the disappearance of the residual falling jet? To answer this question, the breakup of the jet may be studied using VOF methods (see for instance the paper by Chen et al., 1999) . The present numerical Boundary Integral Equation Method cannot capture interface reconnection. However, the first step is to consider, within the framework of potential water waves, the stability analysis of this unsteady and non-periodic flow which is at the top of our agenda for further research. In Figs. 11-16 are plotted the profiles of the surface elevation, vertical and horizontal components of the particle acceleration at the free surface during the runup and rundown at several instants of time for different values of the initial amplitude of the solitary waves. For a/ h=0.50 or 0.70 the head-on collision oc- curs at x/ h=40 (middle of the tank) whereas for a/ h=0.20 we have used a longer wave tank. Hence the collision takes place at x/ h=70 (middle of the tank).
The maximum of the absolute value of the vertical acceleration a z is obtained at the crest of the free surface at the end of the runup or the beginning of the rundown. This value increases with the amplitude a/ h up to a limit, g, the acceleration due to gravity, as it is shown in Fig. 17 .
For initial amplitudes less than a/ h=0.60, the intensity of the vertical acceleration is always less than gravity whereas for larger amplitudes the maximum of the ratio a z /g saturates to the value −1. For a/ h larger than 0.60 it is observed during the rundown that accelerations at the crest and in its vicinity remain equal to −g (see Fig. 16, bottom) .
During the rundown, when the waves separate after the collision a new phenomenon occurs: the formation of a residual jet. This is shown in Fig. 16 (top) for a/ h=0.70. The residual jet formation does not occur for collisions corresponding to a/ h=0.20 or a/ h=0.50. We found that the residual jet formation starts when the normalized amplitude of two incident solitons is larger than 0.60. The formation of the residual jet occurs when the crest acceleration is −g. This means that the jet is in freefall. We may expect that the residual jet is due to the Rayleigh-Taylor instability. For more details on this mechanism see the paper by Taylor (1950) . As mentioned previously, the mechanism of generation of this jet is an open question which will be more deeply investigated in a future research.
During the formation of the residual jet the crest curvature becomes important. Hence we may wonder what is the effect of surface tension on the formation and evolution of the residual jet. We consider the surface tension effect on the dynamics of the collision. The relative strength of gravity effects to capillary effects is measured through the Bond number Bo=ρ gh 2 /σ . For the present case, the water density is ρ=10 3 kg.m −3 , the acceleration due to gravity is g=9.80 m.s −2 , the water depth is h=1 m and the surface tension coefficient is σ =74×10 3 N.m −1 . The Bond number in our dimensionless system is Bo=1.32×10 6 . We can conclude that gravity forces are globally dominant. Nevertheless, surface tension effect cannot be neglected locally where the free surface curvature is important. Capillarity starts to play a role on the dynamics of the residual jet during the rundown as it is shown in Fig. 18 . Surface tension which has a stabilizing effect does not avoid the formation of the residual jet. This feature lead us to believe that the occurrence of the residual jet is not an numerical artefact of the present method. 
Instantaneous wall force
The head-on collision of two equal solitary waves is equivalent to the reflexion of one solitary wave by a vertical wall. Following Cooker et al. (1997) we have computed the instantaneous wall force up to a/ h=0.8. The wall is assumed to be located in the middle of the numerical tank where the collision of the two solitary waves occurs. Figure 19 shows the instantaneous wall force P (z) along the vertical wall is determined by using Bernoulli equation : Hence, the wall force is given by :
Our results are in very good agreement with those of Cooker et al. (1997) the fluid is like in hydrostatic case. For a/ h>0.4 the vertical acceleration of the free surface is significant during the runup. As discussed by Cooker et al. (1997) the maximum force is obtained before maximum runup because the upsurging wave forms a narrow jet. For large a/ h values, a second maximum force occurs because there is another increase in the fluid pressure. For their case a/ h=0. 7 Cooker et al. (1997) were not sure whether there is also a second peak past (t−t 0 )/τ =0. Our computations confirm that there is indeed a second peak for the case a/ h=0.7. We have extended the calculation of the wall force to a/ h=0.8 and obtained a similar behaviour. We plot in Fig. 20 the maximum instantaneous force (F w ) m as function of a/ h. Our results are in agreement with those of Cooker et al. (1997) . 
Head-on collision of two unequal amplitude solitary waves
In this section we consider the collision of two solitary waves with different amplitudes a r / h and a l / h. Indices r and l denote waves propagating from left to right and from right to left, respectively. Figures 21 and 22 show free surface profiles at several instant of time for two numerical experiments corresponding to (a r / h, a l / h)=(0.40, 0.10) and (a r / h, a l / h)=(0.70, 0.80), respectively. During the maximum of runup the wave presents an asymmetric profile. This asymmetry increases with the wave amplitude of the two solitons. For large values of the amplitude, an oblique residual jet develops during the rundown as shown in Fig. 22 . Similarly to the symmetric case the solitons suffer from phase shift. A comparison between the analytical results obtained by Su and Mirie (1980) and presents results is given in Table 1. In the table are given for several value on the two initial solitary waves the max- imum runup, R/ h, phase shifts due to the collision of the two solitons, x r / h and x l / h computed numerically and the corresponding analytical results derived by Su and Mirie (1980) , R SM / h, x rSM / h and x lSM / h:
x lSM h = − 
For the runup, we found an excellent agreement between our numerical results and those obtained from Su and Mirie's analytical expression whereas for phase shifts the deviation is larger. 
Conclusions
The present paper has extended the previous results of the literature on the maximum runup, wall residence time and phase shift, to very high values of the amplitude of two identical counter propagating solitons. We used the classical Boundary Integral Equation Method considering when necessary surface tension effects. We observe the same results with and without surface tension. Moreover, the particle acceleration at the free surface has been computed. A new phenomenon has been discovered corresponding to the occurrence of a thin residual jet when the normalized amplitude of the solitons is larger than 0.60. We believe that the jet observed experimentally by Maxworthy (1976) is the same phenomenon. The mechanism of generation of this jet is still an open problem. We also computed the instantaneous force on the symmetric axis of the collision. The asymmetric case corresponding to two counter propagating solitary waves of different amplitudes has been investigated, too. Numerical computations of the maximum runup and phase shifts have been compared with analytical results provided by Su and Mirie (1980) . Like the symmetric case, a thin residual jet occurs for high values of the amplitude. Note that the residual jet is now oblique. Additional stability analysis and experiments are needed to confirm the present findings.
